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Abstract. We introduce and investigate using Hilbert modules the 
properties of the Fourier algebra A(G) for a locally compact groupoid 
G. We establish a duality theorem for such groupoids in terms of mul- 
tiplicative module maps. This includes as a special case the classical 
duality theorem for locally compact groups proved by P. Eymard. 



1. Introduction 

For an abelian locally compact group H, the Fourier algebra A(H) and 
the Fourier-Stieljes algebra B(G) are just ^(H) and M{H) respectively, 
and are taken by the Fourier transform into certain subalgebras of C{H). 
The Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G) for non- 
abelian locally compact groups G were introduced and studied in the paper 
of Eymard ( [3] ) . These are commutative Banach algebras and are also sub- 
algebras of C(G). Eymard showed that the character space of A{G) can be 
identified with G in the natural way. Walter ( 28 ) showed that both A{G) 
and B{G) as Banach algebras determine the group G. Since [SJ |2E]) the 
study of A{G) has developed rapidly. 

A corresponding theory of A{G) and B{G) for a locally compact groupoid 
G has been developed only recently and has gone in two related directions. 
The first of these, due to J. Renault, develops the theory for a measured 
groupoid G. So a quasi-invariant measure on the unit space is presupposed. 
This fits in with the locally compact group case, the measure on the sin- 
gleton unit space there being, of course, just the point mass. This work 
has been further developed by Jean-Michel Vallin ( J261 I27| ) . Using Hopf- 
von Neumann bimodule structures, he generalizes Leptin's theorem relating 
the amenability of the measured groupoid G to the existence of a bounded 
approximate identity in the Fourier algebra. 

The other approach, due to Ramsay and Walter ([221) starts with a locally 
compact groupoid without a choice of a quasi-invariant measure. They show 
that there exists a natural candidate for the Fourier-Stieltjes algebra on G, 
viz. the span B{G) of the bounded Borel positive definite functions on G. 
This is then realized as a Banach algebra of completely bounded bimodule 
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maps using the universal representation of G. Oty (^1]) investigated the 
algebra of continuous functions in 13(G), and, by analogy with the group 
case, suggested a natural version of A(G). 

In this paper, we present a continuous version of A(G) parallel to that for 
the group case. As the theory given is a continuous theory, we concentrate 
on that part of the representation theory of G determined by continuous G- 
Hilbert bundles over G° rather than that determined by measurable Hilbert 
bundles for a given quasi-invariant measure. The canonical example of a 
continuous G-Hilbert bundle is the Hilbert bundle L 2 (G) of the L 2 (G u )'s 
with natural left regular G-action, and using C C (G) in the obvious way as a 
total space of continuous sections for the bundle. 

Accordingly, we can formulate an approach to the Fourier-Stieltjes and 
Fourier algebras for G as follows. Group representations on a Hilbert space 
get replaced in the groupoid case by continuous G-Hilbert modules, and the 
left regular representation in the group case gets replaced in the groupoid 
case by L 2 (G). For a general continuous G-Hilbert bundle, we consider the 
space A;, of continuous bounded sections of the bundle. This Banach space 
is a Hilbert Go(G°)-module. Of particular importance for this paper is the 
space E 2 of continuous bounded sections of L 2 [G) that vanish at infinity. 
Again, E 2 is a Hilbert Go(G°)-module. 

The Fourier-Stieltjes algebra B(G) is just the space of "coefficients" (£, rj) 
(x — > (L x £(s(x)),r)(r(x)))) arising from a continuous G-Hilbert module with 
£, rj € Aft. A simple, but important, fact, is that these coefficients do not 
depend on any quasi-invariant measure on G°. Of course, representation 
theory comes in when we put a quasi-invariant measure on G° for some 
G-Hilbert bundle. 

In the first approach to norming B(G), we follow the approach of Renault 
|25j to show that B(G) is a Banach algebra, the norm \\<j)\\ of <j> € B(G) being 
given by the inf of ||£|||MI over an possible ways of representing <p = 

We briefly consider another norm on B(G) inspired by the paper [22] 
of Ramsay and Walters. In their approach, the norm on B(G) is defined in 
terms of the completely bounded multiplier norm on the G*-algebra M*(G). 
Here, M*(G) is the completion of the image under the universal represen- 
tation of the convolution algebra of compactly supported, bounded Borel 
functions on G. Each <p € B(G) acts as a multiplier on M*(G) and this 
is a completely bounded operator on M*(G). Define ||<^|| cb = H^H^. They 
show that B(G) is a Banach algebra under ||.|| cb . 

In our continuous situation, we follow this approach with M*(G) replaced 
by G*(G), and we show that B(G) is a normed algebra under the resulting 
cb -norm ||.|| c j,. Further, ||.|| c j, < ||.|| on B(G). In general, (-B(G), H-H,^) is 
not complete (so that |.| is not equivalent to ||.|| cb ). However, by [29| ITHj. 
the two norms on B(G) are the same for locally compact groups and for the 
trivial groupoids G n = {1, 2, . . . , n} x {1, 2, . . . , n}. The two norms always 
coincide on P(G). 
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The Fourier algebra A(G) is denned to be the closure in B(G) of the 
algebra generated by the coefficients of E 2 (pointwise operations). An im- 
portant subspace A(G) of A{G) is also used in the paper. (The two spaces 
are the same in the group case.) We need -4(G) for duality reasons as it 
relates naturally to VN(G) (below). 

In the case of the Hilbert bundle L 2 (G), C C (G) has natural right and 
left convolution actions on the Hilbert module E 2 . The right convolution 
operators are adjointable and generate the reduced C*-algebra C* ed (G) of G. 
The strong operator closure of the algebra of left convolution operators plays 
an important role in the theory and is denoted by VN(G). The operators 
in VN(G) are rarely adjointable and VN(G) has to be treated in Banach 
algebra terms. A useful fact is that VN(G) has a bounded left approximate 
identity. 

With Eymard's theorem in mind, and noting that A(G) is a commutative 
Banach algebra and that G is contained in the natural way in the set of 
characters of A(G), we would naturally ask if the character space of A(G) 
is equal to G. Eymard's theorem says that this is the case if G is a group. 
I do not know if this is true for groupoids. 

We obtain instead another duality result by appropriately adapting Ey- 
mard's group argument to the groupoid case. This duality result involves 
sections and Co(G°)-module maps rather than scalar homomorphisms. For 
motivation, consider the case where G is a group bundle U ueG oG u . Each 
character on A{G U ) is determined by a point x u of G u and trying to involve 
the whole of the groupoid G rather than just one G u , it is reasonable to think 
of continuously varying the x u 's to get a section u —> x u of G. Such a section 
determines a multiplicative continuous module map 7 : A{G) — > Co(G°). 

For a general groupoid G, it is then natural to consider the group T of 
bisections of G. A bisection is a subset a of G which determines homeo- 
morphic sections u — > a", u — > a u for the r— and s— maps. The group V 
will be our "dual" for G. The main theorem of the paper is that for a large 
class of groupoids G, T can be identified with a certain set of multiplicative 
(7o(G )-module maps on A{G). Each of the maps determines a pair of left 
and right module multiplicative maps linked up by a homeomorphism of G° . 
We also require a condition on the restriction of these maps to A(G) which 
ennables us to use the operators of VN(G) to prove the identification. We 
also have to restrict to groupoids for which there are "many" bisections and 
which are locally a product. (There are many examples of such groupoids.) 

A number of natural open questions are raised throughout the paper, 
and some of these are listed at the end. I am grateful to Karla Oty, Arlan 
Ramsay and Marty Walter for helpful discussions. 

2. Preliminaries 

All locally compact spaces are assumed Hausdorff and second countable, 
and all Hilbert spaces separable. 
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Let X be a locally compact Hausdorff space. Then C{X) is the space 
of bounded continuous complex-valued functions on X. The subalgebras 
of functions that vanish at infinity and that have compact support are re- 
spectively denoted by Cq(X) and C C (X). For / £ C(X), S(f) denotes the 
support of /. 

If E is a Banach space, then 53 (E) is the Banach algebra of bounded 
linear operators on E. If A is a G*-algebra and E, F are Hilbert j4-modules, 
then 2>{E, F),R(E, F) are the spaces of adjointable and compact maps from 
E to F. We write £(£, E) = £(£). Of course £(E) is a G*-algebra. A good 
account of Hilbert G*-modules is the book of Lance (Jill 1 ). 

Throughout the paper, G will stand for a locally compact Hausdorff 
groupoid. (This class of groupoids is treated in detail in the books |231ll2llT5] 
to which the reader is referred for more information.) The unit space of G 
is denoted by G°, and the range and source maps by r,s. For u € G°, we 
define G u = r -1 ({u}) and G u = s _1 ({u}). Note that a product xy in G 
makes sense if and only if s(x) = r(y). We define G 2 = G * G = {(x,y) £ 
G x G : r(y) = s(x)}. The product map (x,y) — » xy is defined on G 2 . If 
A C G, then we write A u = A n G u , A u = A n G u . An r-section of G is 
a subset ^4 of G such that for all u £ G°, the set A u is a singleton {a 11 }, 
and the map w — ► a 11 is a homeomorphism from G° onto A. An s-section is 
defined similarly, and a bisection is a subset A of G that is both an r-section 
and an s-section. 

As usual, a left Haar system u — » A" is presupposed on the fibers G", 
and A u = (A") -1 (a measure on G u ). For the sake of brevity, we write 
D = Go(G°). Useful norms on G C (G) are the /-norm's, ||.||j r , || s and 
H-llj. Here, for / G G C (G), 

11/11/,, = sup / | /(t) | dA«(t), 
\S\\ia = sup / | f(t) | dA u (i) 

and 

11/11, = max{||/|| /jr) ||/||^}. 

Note that (G C (G), r ) is a normed algebra, whereas (G C (G), || is a 
normed *-algebra (isometric involution). The involution on G C (G) is the 
map f->f* where f*(x) = /(x" 1 ). We also define / v G G C (G) by: / v (x) = 
/(•'• 

We next recall some details concerning the disintegration of representa- 
tions of G C (G). The theorem is due to J. Renault (|24j). A detailed account 
of the theorem is given in the book of Paul Muhly (|12j). Let $ be a repre- 
sentation of G C (G) on a Hilbert space H which is continuous in the inductive 
limit topology. Then disintegrates as follows. 

There is a probability measure \i on G° which is quasi-invariant (in the 
sense defined below). Associated with fi is a positive regular Borel measure 
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v onG defined by: v = J X u dfj,(u). (When we want to make the dependence 
of v on fj, explicit, we will use (as in [21]) in place of v.) The measure v 
is the image under v by inversion: precisely, u~ 1 (E) = ^(E -1 ). There is also 
a measure v 2 on G 2 given by: v 2 = JfX u xX u dfi(u). The quasi- invariance of 
[i just means that v is equivalent to v . The modular function D is defined 
as the Radon-Nikodym derivative dv/dv~ l . The function D can be taken 
to be Borel (0 El)) and satisfies the properties: D{x^ 1 ) = D{x)~ l 
^-almost everywhere, and D(xy) = D(x)D(y) i/ 2 -almost everywhere. Let vq 
be the measure on G given by: duo = D~ l l 2 dv. 

Next, there exists a //-measurable Hilbert bundle 8. over G° and a G- 
representation L on R. So each L(x) (x € G) is a linear isometry from 
& s m onto &rM, which is multiplicative i/ 2 -almost everywhere and inverse 
preserving ^-almost everywhere. Further, for every pair of measurable sec- 
tions £,77 of R, it is required that the function x — > (L(x)£(s(x)),r)(r(x))) is 
/i- measurable. The representation $ of C C (G) is then given by: 

(2.1) (d>(F)£,7 ? ) = J F(x)(L(x)Z(s(x)),v(r(x)))dv (x). 

We will refer to the triple (/j, R, L) as a representation of G. 

Of particular importance is the regular representation tt u for u £ G°. 
Here, for F G C C (G), ir u : C C (G) —>■ <! &{L 2 (G U )) is the representation given 
by: 

(2.2) tt u (F)(0(x) = J F^at-'x) dX r ^(t) = F * £(x). 

(The quasi-invariant measure and measurable bundle associated with ir u is 
calculated in ^2j Example 3.26].) We define a C*-norm \\-\\ red on C C (G) 
by setting H-FH^ = sup ngG o ||7r u (F)||. The reduced C*-algebra C* ed {G) is 
defined to be the completion of (C C (G), ||-|| rec j)- 

We conclude this section with the following simple proposition. This is 
surely well-known - a smooth version of it for pseudodifferential operators 
is given in |2L)j - but for the convenience of the reader, we give a proof. 

Proposition 1. Let X be a locally compact H aus dor ff space and R : Cq(X) — 
Cq(X) be a bounded linear map such that for all f £ C C (X), we have 
S(Rf) C S(f). Then there exists a bounded continuous function k : X — > C 
such that Rf = kf for all f <G C (X). 

Proof. Let / G C C (X), xo € X and (ft £ C C (X) be such that (ft = 1 on a neigh- 
borhood of xo- Let g = f — f(xo)<f>. Then g(xo) = 0. There exists a sequence 
{g n } in C C (X) such that g n — > g and g n = on a neighborhood J7 n of xq. 
Since S(Rg n ) C S(g n ), we have S(Rg n ) C X \ U n . So Rg n (xo) = 0. Since 
i?5f„ -> i?^, we have i?ff(x ) = 0. So Rf(x ) = R(g)(x ) + f(x )R(f>(xo) = 
((R(j))f)(xo). Now if ^ e C C (X) is such that ^ = 1 on neighborhood of 
then (ft — tft vanishes on a neighborhood of xq and — ip)(xo) = 0. 
So we obtain a well-defined function on X by setting fc(xo) = R(ft(xo). 
Clearly, k is continuous since the same (ft applies on a neighborhood of xq, 
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and \\k\\ < \\R\\ (since we can arrange that \\<fi\\ = 1). Lastly, Rf = kf for 
/ G C C (X) and by continuity, this is valid for / G Co(X). □ 

3. A Fourier-Stieltjes algebra B(G) 

In this section, we discuss the basic facts about the (continuous) Fourier- 
Stieltjes algebra B(G) for a locally compact groupoid. The approach and 
proofs are inspired by those of the papers H22J by Jean Renault for measured 
groupoids and |22j by Arlan Ramsay and Marty Walters for the Borel case. 
In order to fit in with the customary practice of the theory of Hilbert C*- 
modules, we will assume that the Hilbert modules (and spaces) are conjugate 
linear in the first variable. 

Let X be a locally compact Hausdorff space and S) = {.?)"} (u G X) be a 
continuous Hilbert bundle over X. In the notation of Dixmier (0 Ch.10]), 
$j is just a continuous field of Hilbert spaces over X. The norm on each fj n 
is denoted by ||.|| u . Let be the space of continuous bounded sections of 
fj. Then is a Banach space with norm given by ||£|| = sup ueX \\€( u )\\ u - 
The space Ao of sections £ G Aj, of fj that vanish at infinity, i.e. such that 
— > as u — > oo in X, is a closed subspace of A&. The space A c of 
elements of Ao with compact support on X is a dense subspace of Ao- We 
will write Af,(Sj), Aq(Sj) and A c ($)) instead of A&, Ao and A c when we wish 
to make explicit Sj. By Proposition 10.1.9], all of the spaces A^, Ao, A c 
are Cq(X) modules under the action: (a, £) — > a£, where a£(u) = a(u)£(u). 
Note that if u G G° then the linear space {£(«) : £ G A c } is dense in $j u . 

Now let G be a locally compact groupoid. A Hilbert bundle S) over 
G° is called a G-Hilbert bundle if for each x G G, there is given a lin- 
ear isometry L x from onto H r / X \ such for each £, n G A&, the map 
a; — ► (La,£(s(x)), ry(r(x))) is continuous, and the map x — > is a groupoid 
homomorphism from G into the isomorphism groupoid of the fibered set 
Umgg ^" (E3 Ch. 1]). As in [22], we will denote the function x — > 
(L x £(s(x)), T](r(x))) on G by (£,??), and will call (£,??) a coefficient of the 
Hilbert bundle fj. 

Proposition 2. IK^^IL < ||£|||M|. 

Proo/. | (£,T,)(x) | = | (^( S (x)),ry(r(x))) |< ||£(a(s))||' (a,) ||»7(r(x))|r< a! > < 

iieiiiMi- □ 

A function (j) G C(G) is said ([22]) to be positive definite if for all u £ G° 
and all / G C C {G) we have 



(3.1) / / ^{y- 1 x)f{y)f{x) d\ u {x) d\ u (y) > 0. 



The set of all positive definite functions in C{G) is denoted ([H]) by P(G). 
It is easy to check that if £ G A{,(fj), then (£,£) G P{G). The converse is 
also true. 
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Theorem 1. Let (ft G C(G). Then (ft is positive definite if and only if (ft is 
a coefficient of the form for some G-Hilbert bundle. 

Proof. The Borel version of this theorem is proved in |22| Theorem 3.5] and 
the proof in the continuous case is easier. The relevant G-Hilbert bundle ft 
is that determined by the semi- inner product spaces L 2 (G") where 

U\g)u = jj ^y- 1 x)g(y)7{x)dX u (x)d\ u (y). 

This gives a continuous Hilbert bundle (since the A"'s vary "continuously"). 
The continuity of the section £ is given in |221 Theorem 3.5]. □ 

Proposition 3. A function (ft G C(G) is positive definite if and only if for 
any n, any u G G°, any x%, . . . , x n G G u and any a±, . . . , a n G C, we have 

(3.2) ociWj^ixJ^Xj) > 0. 

Proof. If (ft G P(G), then direct checking (using Theorem ^) shows that (ft 
satisfies ()3.2p . Conversely, approximating / X u weak* by measures of the 
form (X^aAJ (r(xi) = u) gives (|3~T|) . □ 

Let be G-Hilbert bundles with groupoid actions x — > L x , x — > L' x 
respectively. Clearly, the direct sums and tensor products of G-Hilbert bun- 
dles are themselves are G-Hilbert bundles in the natural way. For example, 
the fiber Hilbert spaces of Sj <g> are H u g) K u , and the continuous bundle 
structure is determined by the linear span of sections of the form £ <g) r\ where 
£ G Af,(^),?7 G Ab(K). The groupoid action is given by x — > L x (g) L' x . 

Every fixed Hilbert space H gives rise to a trivial G-Hilbert bundle as 
follows. Define fi u = H for all u G G° and take A b = C(G°,H). The 
G-action on Sj = G° x if is given by: L x (s(x), z) = (r(x), z). 

The set of functions (£, rf) with £, ry G A{,(^) for some G-Hilbert bundle 
fj is denoted by B(G) and is called the Fourier- Stieltjes algebra of G. (Our 
B{G) is the same as the B\(G) of [Oj.) From the existence of direct sums 
and tensor products of G-Hilbert bundles, it follows that B{G) is an algebra 
under pointwise operations. By Theorem^ P(G) C B{G). Using the polar- 
ization identity, every element of B{G) is a linear combination of elements 
ofP(G). 

The norm |.| of (ft € B(G) is defined by: 

W=inf||e||N| 
the inf being taken over all representations (ft = (£,,17). 

Proposition 4. If (ft G B{G), then WcftW^ < \\<f>\\. If (ft £ P[G), then \\<ft\\ = 

0IG° ■ 
II r l u Moo 

Proof. The first part follows from Proposition |2I For the second, write 
(ft = (£,£). For u G G°, < = ||£(«)|| 2 , and so 
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□ 



The proof that B(G) is a Banach algebra relies, as in the corresponding 
results of |25M22| . on a result of j^j ennabling one to estimate B(G) norms 
by relating <f> G B{G) to an element F G P(G x I2) where I2 is the trival 
groupoid {1,2} x {1,2}. This can be regarded as a groupoid version of 
Paulsen's "off-diagonalization technique" (QUI Th. 7.3], |4, Th. 5.3.2]). 
There seems to be a slight gap in the proof of this result and so we give a 
complete proof of the result for our situation. 

The elements of G x I2 are of the form (x,i,j) with x G G,i, j G {1,2}. 
We identify (G x J 2 )° with G° X {1, 2}. A function F : G x J 2 C will be 
identified in the natural way with the 2x2 matrix-valued function 

'F(xll) F(xl2)~ 
F{x21) F(x22) 



on G. 

Proposition 5. i 

form 

(3.3) 

with p,T £ P(G). 



G B{G) if and only if there exist F G P(G x 1%) of the 



p(x) <j){x) 
4>*{x) t(x) 



1/2 



L(x\2) 
L(x22) 



Proof. It is proved in |25[ Proposition 1.3] that given (j) G B(G), there exists 
an F of the required form. Conversely, as in |25| Proposition 1.3], given 
such an F, there exists a Hilbert {G x ^-bundle ft, with G x /2-action 
xij — ► L(xij), and a section £ = (C11C2) of fj such that F = (CO- Let $)i 
be the restriction of ft to G° x {i}. The fjj are Hilbert G-bundles in the 
obvious way. The direct sum ft' of the SjiS is then a Hilbert G-bundle. For 
each x £G, define L'(x) : -»■ by: 

'L(xll) 
L(x2l) 

It is true that L' is continuous and L'(xy) = L'(x)L'(y), L'(x)* = L'fa^ 1 ). 
However, L' is not usually invertible. (For example, if G has one point {e}, 

= C 2 with the obvious -^-action, then L'(e) is the (singular) scalar two- 
by-two matrix whose entries are all 1.) To deal with this, we "cut down" 
Sj' as follows. For each u G G°, let P u be the projection L'(u) on Sj' u and 
&u = P u ($j' u ). Then ^ = {&u} is a Hilbert bundle in a natural way. Indeed, 
let Y be the sections of $)' of the form ^ = ^1 © ^2 where ^ is a continuous 
section of $){. Then let X be the vector space of sections of & of the form 
P£:u^ P u t{u) where £ G F. Then X satisfies (ii) and (hi) of 3 10.1.2] 
using the fact that the functions u —> (P u £(u) , r)(u)) are continuous. So (0 
10.2.3]) £ is a Hilbert bundle. For x G G, let M(x) = L'(x)P s{x y It is left 
to the reader to check that ^ is a G-Hilbert bundle with G-action given by 
M. Then <f> = 2(77,0 where £ = P(Ci,0),?7 = P(0,C2), and <f> G B(G). □ 
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Theorem 2. The set B(G) is a unital commutative Banach algebra under 
pointwise operations on G. 

Proof. The proof is effectively the same as the corresponding result ( |25[ 
Proposition 1.4]) in the measured groupoid case, with L°°{G) being replaced 
by C(G) and measurable Hilbert bundles replaced by continuous Hilbert 
bundles. That B(G) is unital follows using the trivial G-Hilbert bundle 
G° x C (or by using Proposition |3J). □ 

Proposition 6. (i) // G B(G), then both 0,0* G B(G), and ||0|| = 
||0|| = 11011- 

(ii) C(G) is a two-sided D -module, where for b G D and F G C(G), the 
action is given by: 

(3.4) {Fb)(x) = F(x)b(r(x)), (bF)(x) = b(s(x))F(x). 
Further, if f,g G G C (G), then 

(3.5) (/ * g)b = fb* g,b(f * g) = f *bg. 

and if = (£,??) G B(G), then 4>b = (£,&r/),60 = {b^,rf). Lastly, 
B{G) is a D-submodule of C{G), and for G B(G),b G D, we have 



(3-6) ||06||<||0||||6||,||60||<||6||||0||. 

Proof, (i) From the definition of P(G), it follows that 0, 0* G P(G) whenever 
G P(G). Let G B(G). Since B(G) is the span of P(G), it follows that 

0, 0* G B(G). Let = (£, t/) for some G-Hilbert bundle (Sj, L). 

As in the group case, there is a conjugate G-Hilbert bundle ({H u }, L) for 
any given G-Hilbert bundle ({H U },L). Here, if H is Hilbert space, then H 
is the Hilbert space that coincides with H except that the inner product (, )' 
and scalar multiplication (a,£) — > a.£ for ii are given by: (£,r?)' = (?/,£) 
and a.£ = a£. We take L = L. One readily checks that 0(x) = (L x £,r))', so 
that ||0|| < ||£||||?7||. It follows that ||0|| = ||0||. Since 0* = (f?,£)> we obtain 

W = llf II- 

For (ii), see |231 p. 59]. (Left and right actions of D are interchanged from 
those in _23 for duality reasons.) For example, for ()3.5|) . 

(f*g)b(x)=b(r(x)) J f(t)g(t- 1 x)d\ r ^(t) = fb*g(x). 

□ 

We now turn to the other way of norming B(G) . The norm is a completely 
bounded norm (j^) and the result is a variation of |22L Theorem 6.1] which 
says that B(G) is a Banach algebra. Let tt : G C (G) — > G*(G) be the canonical 
isomorphism, and for G B(G), define a map : 7r(G c (G)) — ► 7r(G c (G)) 
by: T^(f) = tt(0/). 
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Theorem 3. If <f> = (£,rj) € B(G) is a coefficient of a continuous Hilbert 
bundle ({S) U },L), then is completely bounded on C*(G), and 

(3.7) mw cb <u\\\\vi 

Proof. Let (//, {?)' u }, L') be a representation of G. Let n' be the representa- 
tion of C C (G) obtained by integrating this representation. Then (//, {fy' u (g) 
S) u }, L' <S> L) is a G-representation. Let tt be its integrated form. Let n > 1, 
A = [fij] £ M n {C c (G)),A(j) = [f ij( f>) and ^ (1/ < * < n) be square in- 
tegrable sections of {i}^}. Let £' = [&]', ?/ = [^j]'. To obtain the complete 
boundedness of and (|3.7j) . it is sufficient to show that 

(3.8) \^(Am%v')\<\\mv\\\W\\\\v'\\\\HA)\\n- 
Indeed 

(tt'(A0)(O,»/) = £ / Ht)(L'ttMt))Mr{tm(t)dMt) 

= E / &((^ ® ® £)(*(*)), ® mk*)) ^o(t) 

So I (7r / (A < /.)e',V) |< IK^)IUI£|IIMIIl£'llll?/ll and (El follows. □ 
Corollary 1. ||.|| c6 < ||.|| on B(G). 

In the Borel case, Ramsay and Walter ( |22[ Theorem 6.1]) show that 
13(G) is a Banach algebra. However, (B(G), ||.|| c ^) is not always a Banach 
algebra. This follows from the elegant counterexample at the end of [22] 
for which G is a bundle of groups X xZ with X = {re ie : < r < 1, 9 G 
{0,1,1/2,1/3,...}}. In some cases, however, ||.|| = ||.|| c6 on B(G). By 
[29} ITB] , this is the case for locally compact groups and also for the case of 
the trivial groupoids G n = {1,2, ... ,n} x {1,2,..., n}. (For the G n case, 
see §5, Example below.) The measured groupoid version of the result has 
been proved in complete generality by Renault ^ [251 Theorem 22]) using the 
module Haagerup tensor product. Note that from Corollary^a-nd Banach's 
isomorphism theorem, if (B(G), ||.|| c6 ) is a Banach algebra, then the norms 
||.||, ||.|| c6 are equivalent on B(G). 

4. The left regular Hilbert bundle 

Let L 2 (G) = {L 2 (G U )}. In the natural way, this is a G-Hilbert bundle, 
which we will call the left regular Hilbert bundle of G. (This Hilbert bundle 
has been used by Khoshkam and Skandalis (^Oj) even in the non-Hausdorff 
context.) In more detail, we regard the functions / G C C (G) in the obvious 
way as sections u f u = f\Qu which determine the continuous sections 
of L 2 (G). In fact, the space of such sections satisfies axioms (i), (ii) and 
(iii) of Definition 10.1.2], and so (:3, Proposition 10.2.3]) determines a 
continuous field, the continuous sections in general just being those sections 
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that are locally close to C C (G). The G-action on A;,(L 2 (G)) is given by: 

In particular, a section u — > i 7 " of L 2 (G) is continuous iff the map u — > 
\\F U \\ is continuous and for all g G G C (G), the function u — > {F u ,g u ) is 
continuous for all 5 G C C {G). Let E 2 (G), or simply F 2 , be the set of 
continuous sections of L 2 {G) that vanish at infinity. Of course, C C (G) C F 2 , 
and .E 2 is a Banach space under the section norm: ||.F|| = sup ugG o H-F^H- 
Also in the canonical way, E 2 is a D-module: for £ G -E 2 and b G D, we set 

&e(t) = ce6)(t) = e(t)6(r(t)). 

Proposition 7. G C (G) is dense in E 2 . 

Proof. Let F G E 2 ,e > 0. We show that there exists / G C C (G) such that 
ll-F — /|| < e. Since -F vanishes at infinity, we can suppose (by multiplying 
F by a suitable b G D) that F has compact support C C G . Let u £ C 
and /[if] € G C (G") be such that \\F U - f[u}\\ < e. Extend f[u] to a function 
f[u]' G C C (G). Then there exists a neighborhood W(u) of u in G° such that 
\\F V ~ (f[ u Y) v \\ < e f° r an w ^ W(u). Cover C by a finite number of the 
W(u)% say W(«i), . . . , W(u n ) and let be such that hi G G c (W(ui)) and 

&i > °' E2=i ^ = 1 on G. Then ELi & i F = F » and 11^ " ELi ^i/N'll < 
e. □ 

If G is a locally compact group, then the reduced G*-algebra C* ed {G) and 
its enveloping von Neumann algebra VN(G) are defined on the Hilbert space 
L 2 (G). We need versions of these for the groupoid case. In the groupoid 
case, L 2 (G) is replaced by E 2 . While E 2 is not a Hilbert space, it is a Hilbert 
-D-module. The right D-action has been given above, while the -D-valued 
inner product (, } on E 2 is given by: 

In this Hilbert module context, C* ed (G) will be the G*-subalgebra of 
£(E 2 ) generated by the right regular antirepresentation of G C (G). We will 
take VN(G) to be the commutant of C* ed (G) in <B(£ 2 ). In general, VN(G) 
is only a Banach algebra. We now discuss all of this in detail. We start with 
the right regular antirepresentation of G C (G) on E 2 . 

Proposition 8. For F G C C (G), define R F : C C {G) -» C C (G) by right 
convolution: Rf/ = f *F. Then Rp extends to an element of £(E 2 ) whose 
norm is < ||jP||j, and the map F — > Rp is a * -antirepresentation of C C (G), 
the closure of whose image in £(E 2 ) is canonically isomorphic to C* ed {G). 

Proof. To prove that ||-Rf|| < ||_P|| j, it is sufficient by Proposition [7| to show 
that for f,g G C C (G) and u G G°, that 



(4.1) 
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This follows from (cf. [231 p.53]): 

| {R F f,g)(u) \<JJ\ 9(x) || Fir'x) \\ f(t) \ dX u (t)dX u (x) 

= JJ[\ g(x) || F(t~ l x) \ l l 2 }[\ fit) || F{t- l x) \ l ' 2 ]dX u {t)dX u {x) 
< AB 

where 

A={[ f | g{x) \ 2 \ F{t~ l x) | dX u (t)dX u (x)} 1/2 , B=[f f | f(t) \ 2 \ F(t _1 x) | dX u {t)dX u {x)] 1 ' 2 . 



Now 



A 2 



g(x) | 2 dX u (x) J | F^x) | dX u (t) 
< I | g{x) \ 2 dX u {x) [ | F v (w) | dA s(:r) (u») 



< llsfll^l 

II l|2||77|| 

= llffll 11*11/,. 



l.r 



B 2 < \\f\\ 2 \\F\ 



l.r 



Similarly 

and P~T1) follows. 
Next 

(R F f,g}«<) I J f(t)F(t^x)g(x)dX u (t)dX u (x) 

J(t)dX u (t) J g(x)F*(x-H)dX u (x) 
= (f,R F *g)(u). 

So R F € £(E 2 ), and the map F — > Rp is a *-antirepresentation of C C (G) 
into £(E 2 ). It remains to show that for F £ C C (G), we have ||-Rf|| = 
II 1 1 r-erf- T° P rove this, for each u, there is an antirepresentation R F of 
C C (G) on L 2 {G U ) given by right convolution by F on C C {G U ). Of course for 
/ € C C (G), Rpf\G u = Rp(f\G u )- The map / — ► / v is a linear isometry from 
L 2 (G U ) onto L 2 (G U ) that intertwines ^ and vr u (F v ) ((H). So ||i? F || = 

(n\\ = \\f\\ 

red using a well known characterization of 1 1 -f^ 1 1 1 ^-ecZ 
- for more details, see O p. 108].) □ 

If £ € E 2 and -F £ C C (G), then the convolution formula 



£*F{x) = J £{t)F{t- 1 x)dX rix) (t) 



makes sense by the Cauchy-Schwartz inequality. (The value of £ * F(x) is 
the same whichever representative of £ we take in the integral.) We would 
expect that £ * F should be the same as RfC and be continuous on G, as 
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indeed it is in the group case ([HI (20.14)]). We now show that this is the 
case. 

Proposition 9. Let £ G E 2 and F G C C (G). Then Rf^ = £ * F, and is a 

continuous function on G. Further, in E 2 , then £ n * F —* £ * F 

uniformly on G. 

Proof. Let {f n } be a sequence in C C (G) such that \\f n — £|| — ► 0. Then given 
x £ G and any n > 1, we have, using Proposition |5J 

| (i? F /n-£*^)(*) I =1 J (f n -m)F(t- 1 x)dX^\t) | 

<\\fn-t\\ r{x Hj \F v (x-H) | 2 dA^t)) 1 ' 2 

<ll/n-£||||F V || 

-> 

independently of x, and is the uniform limit of a sequence of continuous 
functions. By the continuity of Rp , RfS, = £, * F. The proof of the last 
assertion of the proposition is similar. □ 

In the next proposition, we note that C C (G) is a normed algebra under 
the (/, r)-norm. So the proposition shows that <j> — ► is a norm decreasing 
homomorphism from (C C (G), ||.||/ r ) into ^(E 2 ). 

Proposition 10. Let F G C C (G) and Lp : C C (G) — > C C (G) be the map 
defined by left convolution by F: Lpf = F * f. Then 

(i) Lp extends to a bounded linear map, also denoted by Lp, on E 2 for 
which \\Lp\\ < \\F\\ Ir , and the map F — ► Lp is a norm decreasing 
homomorphism from (C C (G), ||.||r_) into %$(E 2 ); 

(ii) if£,ri G E 2 andF G C C (G), then F * (£, 77) = ^,L F rj) G B{G). 

Proof, (i) The only non-trivial thing to be shown is that \\Lp\\ < \\F\\j . 
This is equivalent to showing that for / G C C (G) and /i u G C C (G U ), we have 



(4.2) I / (Lf/Xx^^A^H^IIFII^/IIII/^s. 

To this end, 

L F f{x)h u {x)d\ u {x) I < J \F(t)\ d\ u (t) J \h u {x)f{t- 1 x)\ d\ u {x) 

< J \F{t)\ d\ u {t)\\h u \\{j Ifit^x)] 2 d\ u {x)) 1/2 

< J \F(t)\\\h H \\{J \f(y)\ 2 dA' (t) (v)) 1/2 dA u (t) 

< ll^ll/.rll/IHI^II- 
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(ii) If g G C {G) then 
(4-3) \\F*9\\ 00 <\\F\\ I Jg\\ 00 . 

It follows that the convolution F*(£, 77) is defined (and continuous). Suppose 
first that r/ G C C (G). Then (F*(£, rj))(x) = J F{t)(L t -i x £(s(x)), rj(r(x))) d\ r ^\t) 
ff F(t)C(x' 1 s)7 1 (t- 1 s)dX r < x \t)dX^ x \s) = (^Lprj). The same equality when 
7] G E 2 follows from (|4.3I) and Proposition |2 □ 

We note that if FJ G C C {G) and u G G°, then 



(L F fJ)(u) = J F*f{x)f{x)dX u (x) 

= J! F(t)f(t^x)f(x)dX u (t)dX u (x) 
F(fJ)dX u . 



Let £ £ E 2 and {/ n } be a sequence in C C {G) such that \\f n — £|| — > 0. Taking 
limits in the preceding equalities with /„ in place of / then gives 

(4.4) (L F H,0(u) = lF(£,0dX u . 
which entails in the obvious way that for r\ £ E 2 , 

(4.5) (L F S, V )(v) = jF{^r,)dX\ 

Proposition 11. There exists a bounded left approximate identity {F n } > 
in the normed algebra (C C (G), r ), such that L Fn —> I in the strong 
operator topology of*B(E 2 ). 



Proof. The proof is a slight modification of the proof of |23[ Proposition 1.9, 
p. 56]. There is a sequence {U n } of open neighborhoods of G° in G such 
that each U n is s-compact (i.e. U n n s~ l (K) is relatively compact for every 
compact subset K of G°) and is a fundamental sequence for G° in the sense 
that every neighborhood V of G° in G contains U n eventually. There is then 
an increasing sequence {K n } of compact subsets of G° such that L)K n = G°. 
Using jUJ Lemma 2.12], there exists g n > in C c (U n ) such that f g n dX u = 1 
for all u G K n . Next, there exists an open neighborhood W n of K n in G° 
such that 1/2 < / g n dX u < 2 for all u G W n . Let h n G C c {W n ) C C (G°) 
be such that < h n < 1 and /i n = 1 on iC n , and set F n = g n h n G C C (G). 
Then ||F„|| Jir < 2. 

We now show that for / G C C (G), we have \\F n * / — r — > 0. Let K be 
the support of /, L be the (compact) closure of U\K in G, and e > 0. Then 
for large enough n, F n *f,f have supports inside L and | F n *f(x) — f{x) \< e 
for all x G L. It follows that ||F n * / - /|| />r < e sup uGr(i) X U (L n G") 
for large enough n, and {-F n } is a bounded left approximate identity in 
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C C {G). Similarly, \\L F J - f\\ -» in E 2 for all / G C C {G). The rest of the 
proposition now follows using Proposition El and Proposition □ 

In the preceding proposition, I do not know if there exists a bounded two- 
sided approximate identity in C C {G) for the (I, r)-norm. It is shown in |131 
Corollary 2.11] that there is always a two-sided (self-adjoint) approximate 
identity in C C (G) for the inductive limit topology. 

5. The Fourier algebra A(G) 

It is natural to enquire how the Fourier algebra A{G) should be defined. 
By analogy with the group case and also with the case of a measured 
groupoid (|2S]), one might be inclined to take this algebra to be the clo- 
sure of the span of the coefficients of E 2 in B(G). Oty ([HI p.186]) suggests 
taking A(G) to be the closure of B{G) nC c (G) in B{G). It will be convenient 
for our purposes to take A(G) to be the closure in B(G) of the subalgebra 
generated by the coefficients of E 2 . I do not know if the three versions of 
A(G) coincide. 

Let A c f(G) be the set of coefficients (f,g) of E 2 with /, g G C C (G). Note 
that 

(5.1) (f,g)=9*f*- 

Let A sp (G) be the complex vector subspace of C C (G) spanned by A c f(G) and 
A C (G) be the subalgebra of C C (G) generated by A c f(G) (pointwise product). 
If V is an open subset of G, then we set A c f(V) = A c f(G)nC c (V). Similarly 
we define A sp (V) , A C (V) . 

Definition The closure of A C (G) in B{G) is called the Fourier algebra of 
G, and is denoted by A(G). 

If G is a locally compact group, then ([2]) A c f(G) = A sp (G) = A C {G). I 
do not know if this is true for locally compact groupoids in general. However, 
when G is r-discrete we have the following result. (The discrete group version 
of this argument appears in Lemma VII. 2. 7].) 

Proposition 12. Let G be r-discrete and <p G P(G) fl C C {G). Then (p is a 
coefficient of E 2 . 

Proof. Let T = G £(E 2 ). For g G C c (G),u G G°, we have 

(Tg, g) (u) = ff <t>{y- l x)g{y)gjx)d\ u {y)d\ u {x) > 

since is positive definite. So (Tn,rj) > for all j) G i? 2 , and it follows 
from the second part of the proof of |151 Proposition 6.1] that T > in 
C* Ted {G) C £(£ 2 ). Let h G C C {G°) C c' c {G) be such that ft = 1 on r(S(<f>)) U 
s(5(0)). Then Th(x) = J hit)^ 1 x) dX" (t) = <f>(x). Further, for x G G, 
(h,^)(x) = J h{x' l t)(t){t)d\ u {t) = </>(x). Let ( = T^ 2 h G E 2 . Since L F 
commutes with every Rf, it follows from Proposition |H1 that it commutes 
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with every operator C* ed (G) and hence with T 1 / 2 . Then for each u E G i 
and g E C C (G), we have using (|4.5j) . 

J gjxj(t;,0(x)d\ u (x) = {L g T l / 2 h,T x / 2 h){u) 

= (T l / 2 L g h,T l l 2 h){u) 
= {L g h,Th)(u) 

= J gjx)(h^)(x)d\ u (x) 
= J gjx)^(x)d\ u {x). 



So =(£,£)■ 

Corollary 2. If G is r-discrete then 
two coefficients of E 2 . 



□ 

then every <\> E ^4 C (G) is i/ie sum of 



Proof. Let E vl c (G). By definition, is a finite sum of functions that 
are products 4>\ . . . <f> n where each <jn E A c j(G). By the construction of 
Proposition 1.3, (ii)=>- (hi)], there exists F E P(G x I 2 ) of the form (|3..S|) 
with p,r E P(G) n C C (G). So F E C C (G x I 2 ), and by Proposition [H 
F E A C /(G x J 2 ). So there exists C E F 2 (G x J 2 ) such that F = (C, C)- Let 
dj{x) = ({xij). Then = (C21, Cn) + (C22, (12)- □ 

Corollary 3. //G is r-discrete, then A{G) is an ideal in B{G). 

Proof. This follows since P{G)(A C (G) n P(G)) C P(G) D C C {G). □ 



We now discuss another possible version A(G) of the Fourier algebra that 
coincides with A(G) in the group case and relates usefully to VN(G). In 
fact A(G) will be a subspace of our A{G) in general, and they may even be 
the same. In the group case, one way of defining A{G) is to regard it as a 
quotient space of L 2 (G)®L 2 (G) (0IE1)- (See also [III p.185].) This is just 
the norm on A(G) that comes from the identification of A(G) with VN(G)*. 
This approach can be adapted, as we will see, to work for locally compact 
groupoids in general, with the Hilbert D-module E 2 replacing the L 2 (G) of 
the group case. 

More precisely, define a map d : C C (G) x C C [G) -» C (G) by: 0((f,g)) = 
g * / v . Then 6 is bilinear, and ||0((/,g))|| < ||/||||ff|| by Proposition 
So 8 extends to a norm decreasing linear map, also denoted by 9, from 
C C (G) <S> C C (G) (with the projective tensor product norm) into C C {G). By 



THE FOURIER ALGEBRA FOR LOCALLY COMPACT GROUPOIDS 17 

Proposition [3 9 extends to a norm-decreasing linear map from E 2 ®E 2 into 
C (G). 

Definition The Banach space A(G) is defined to be the completion of the 
normed space E 2 ®E 2 / ker 8 under the quotient norm. The norm on A(G) 
is denoted by H-l^ (this norm being like a trace class norm). 

We can regard A{G) as a linear subspace of Cq(G). By construction, 
A sp (G) is a dense subspace of A{G). Using the latter fact and Proposition [21 
gives the next proposition. 

Proposition 13. A{G) is a subspace of B(G), and for (ft G A(G), we have 

(5-2) iml < U\\ < U\\ v 

The norm || . || on A(G) is given by: 

oo 

(5-3) 11^= Mj2\\fn\\\\9n\\ 

n=l 

the inf being taken over all expressions of the form cf> 
C Q (G) where f n ,g n G C C {G). 

Note It would be reasonable to use a fibered projective tensor product 
norm in place of the projective tensor product norm in the above argument. 
Indeed let R be the orbit equivalence relation on G°: so u ~ v if and only if 
there exists an x G G such that s(x) = u, r{x) = v. Then we could consider 
the Banach space of functions (ft : G — » C of the form 

oo 

(5-4) = X)(/n,0n) 

n=\ 

where f n ,g n G C C (G) and are such that M = sup (u i ,) gi? (X]^ = i ||/niri|5n|D < 
oo. Further we take \\<ft\\ji to be the inf of such numbers M. (One uses the 
fact that for each x G G, \g * f v (x)\ < \\f\\ s{x) \\g\\ r{x) .) I do not know if this 
Banach space coincides with A(G). 

The proof of the next proposition is left to the reader. 

Proposition 14. A{G) is a commutative Banach algebra, and is a subalge- 
bra of B(G) n C (G). Further, A{G) C A(G). 

In our definition of the spaces A(G),A(G) we used the r-fibered Hilbert 
bundle E 2 . We now show that these spaces are the same if we had used the 
corresponding definitions using s rather than r. This is equivalent to saying 
that A(G) = A(G(r)),A(G) = A{G(r)) where G(r) is G with reversed 
multiplication. 



= ££Li 9n * fn in 



Proposition 15. B(G) = B(G(r)),A{G) = A(G(r)) and A(G) = A(G(r)). 
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Proof. The map ({H U },L) — > ({H u }, L'), where L'{x) = L(x~ 1 ), is a bi- 
jection from G-Hilbert bundles onto G(r)-Hilbert bundles. It follows that 
the map <j) — > </> v is an isometric isomorphism from B(G) onto B(G(r)). 
From (i) of Proposition H3 B(G) = B(G(r)). Next, the map / — > / v is 
an isometry from E 2 (G) onto E 2 (G(r)) and if (f,g),(f,g)' denote coeffi- 
cients (/, 5 € C C (G)) evaluated for E 2 ,G and E 2 (G(r)),G(r) respectively, 
then (/,g) v = \f y ,g y )'. It then follows that that A(G) = A(G(r)) and 
A(G) = A(G(r)). □ 

Proposition 16. (i) A{G) is a D-submodule of Cq{G), and if (f) £ 
A(G), then <p* £ A{G) and \\(p\\ l = ||0*||i- The corresponding result 
holds equally for A{G) . 
(ii) If K £ C(G) and U is an open subset of G such that K C U , then 
there exists 4> £ A c f(G) such that € C C (U), and 4>(K) = {1} and 
< <f> < 1. 

Proof, (i) Use Proposition H3 (ii) (cf. 1251 Lemma 1.3], Lemme 3.2]) We 
can suppose that U is compact. Let L € C(G) be such that K C L° C 
L C U. There exists a relatively compact open subset V of G such that 
s(L) C VJA/^ 1 Cf/andWc L°. Let / G C C (L°) be such that < / < 1 
and / = 1 on ifU. Next let g £ C C {V) be such that < g < 1 and 
> for all u £ s(K). Let b £ C C (G°) be such that b(u) = X u {g) 
for u £ s(K), b(u) > X u (g) for all u £ G° and b(u) > for u £ s(U). 
Take <f> = 6(/ * g v ) £ A c f(G). We check that <p has the desired properties. 
Obviously, <f> > 0. Suppose that for some x £ G, we have 0(x) > 0. Then 
for some t, f(t),g(x~ 1 > 0, and it follows that x £ L°V~ X C L°V~ l C U. 
So <p £ C C (U). If x £ K, then any t for which /(*) > 0,c/(a;" 1 t) > 
belongs to KV so that /(t) = 1. (There is always such at: t = x will 
do.) So <f>(x) = (J 5 (a;- 1 t)(iA r(a;) (t))/6(s(x)) = 1. Lastly, for any x £ U, 
<f>{x) < (f g{x-H) d\ ri - x \t))/b{s{x)) < 1. □ 

Definition The set of elements T £ ^(E 2 ) such that TR F = R F T for all 
F £ C C (G) is denoted by VN{G). 

We now prove groupoid versions of results about VN(G) proved by Ey- 
mard (5 ]) in the group case. 

Proposition 17. Lei T £ VN(G), 4> £ A cf (G) and b £ C (G°). Then: 

(i) T(f) is continuous on G; 

(ii) T(b<f>) = bT(cf>). 

Proof. Write = /* 5 for /, g £ C C {G). Then = TR g {f) = R g {Tf) which 
is continuous by Proposition^ Next, using PropositionEland Proposition |5J 
we get T(b<p) = T(f * bg) = R bg T(f) = T(f) * bg = bT {</>). □ 

Proposition 18. VN(G) is the strong operator closure in ^(E 2 ) of the 
subalgebra £ = {Lp : F £ C C {G)}. 
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Proof. Since L F e VN(G) for all F G C C {G) and VN(G) is strong operator 
closed in T>(E 2 ), we have £ C VN(G). Conversely, let T G VN(G) and {F n } 
be an (I, r)-bounded left approximate identity for G C (G) (Proposition fTT|) . 
Let fi,...,f r G G C (G), iV be a positive integer and g G G C (G). Then 

- L^H < ||T(/i - L F Mi))\\ + \\(TF N -g) * /J 

< ||r||[max||/ i - J L Fw (/ i )||] + [max||i? / J|]||TF J v- 5 ||. 

The proposition now follows using Proposition an d Proposition [7| by 
taking N large enough and g close enough to TFjy in E 2 . □ 

Proposition 19. Let T G VN(G) and f,ge C C {G). Then 



(5-5) T(f*g*) = {Tf,g), 

or equivalently, T(f * g*) = (g,Tf). 

Proof. Let {F n }, {U n } be as in the proof of of Proposition fTTl Let u G G°. 
By Proposition fTTl T(f * g*) is continuous. Let e > 0, u G G°. Since the 
sequence {U n } is fundamental, there exists ./V such that for all n > N, 
I T(f * #*)(x) - T{f * g*)(u) \< e for all x £ U n n G". Note also that 
F n > and / F n d\ u = 1. Further, {T(f*g*),F n ) = {F n ,T(f * g*)) = 
{R g F n ,Tf) = (L Fn g,Tf) ( 5j T/) uniformly on G°. Now 



(T(/ * F n )(u) - T(/ * g*)(u) \<J\T(f* g*)(x) - T(f * g*)(u) \ F n (x) d\ u (x) 

< sup | T(f * g*)(x) - T(f * g*){u) |-» 0. 



So T(/*p*)(u) = (r/, </)(«). □ 

Proposition 20. Let T G VN{G). Then T determines an element, also 
denoted by T, in 03 (.4(G)), and its norm \\T\\ 1 in 03 (.4(G)) is < \\T\\. 

Proof. Let eft G A sp (G). Then (ft £ E 2 so that Tcft e E 2 . U <ft = g * f* 
(f,g G G C (G)) then by Proposition El Tcft = Tg * f* G .4(G). Further, 
IIT^IIj < lirilllsllH/ll, and HTll! < ||T||. □ 

Corollary 4. If (ft £ A{G), then < ||T|| for all x G G. 

Proof. Use (Q. □ 

Example 

Here is a very simple example to show (among other things) that in the 
situation of the Proposition I1UI we do not usually obtain that Lj? 6 £(F 2 ). 
Let G = X x X be a trivial groupoid with measure [i on X. We can 
(and indeed will) take G to be G n = {l,2,...,n} x {1,2, ...,n} and fi 
counting measure on {1,2,..., n}. Note that for (x, y) G G, r(cc, y) = x and 

For F G G C (G), we have 
R F f(x,y) = (f*F)(x,y) = J f(x,t)F((t, x)(x,y))d»(y) = J f(x,t)F(t,y)dfi(t). 
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Also, L F f(x,y) = jF(x,t)f(t,y)dn(t). 

Now let G = G n , We will calculate C* ed {G), VN{G), £(E 2 ), VN{G) n 
C* red (G), A(G) and A(G). We identify G° with {1,2,... ,n) and G l = 
{i} x G° with G°. We also identify E 2 with M n , where for f E M n , the 
function /' (i € G°) on G° is given by: f l (j) = f%j. The inner product on 
E 2 is given by: (A,B)(i) = ^J^By. Trivially, C* red (G) = C C (G) is just 
M n multiplying itself on the right, and the adjoint of A € M n is the usual 
adjoint A*. The elements T of C* ed {G) are thus those for which there is a 
matrix ip such that 

(5.6) T(ejj) = y~]i/jijeu. 

i 

Similarly, VN(G) is just M n multiplying itself on the left. 

Now let T € *B(E 2 ). Write T(eij) = Yl, a ijki e ki- Suppose that T is a 
module map. Then for all b € C(X), we have 

^OL ijk ib{i)e k i = T(eijb) = (Te^b = ^2b(k)a ijk ie k i. 

It follows that T(eij) = ^ a^j/ej/, and it is easily checked that the latter is a 
necessary and sufficient condition for T G 53(-E' 2 ) to belong to £(E 2 ), with T* 
given by: T*(e u ) = ^aJJTieij. So the dimensions of *B(£ 2 ), £(£ 2 ), VN(G), 
and C* JG) are respectively n 4 ,n 3 ,n 2 and n 2 . We now show that ViV(G) 
and C* ed (G) intersect in the multiples of the identity, so that all four spaces 
are different when n > 1. 

For T to belong to C* ed (G) n VN(G), we require first that T = L for 
some ^ E M n so that T(eij) = Yl (fikiCkj (and in the notation of the preceding 
paragraph, a^ k i = (p k i if I = j and is otherwise). For T = to belong to 
£(i? 2 ), we require by the preceding paragraph that (j) k i = when k ^ i, so 
that for all i,j, T(eij) = (fiueij. Comparing this with Q5.6JI gives that T is a 
multiple of the identity, so that VN(G) n C* ed (G) = CI. 

As vector spaces, «4(G) = A(G) = -B(G) = M n . Indeed, as algebras, 
all four algebras are just M n under the Schur product (using the functions 
g * f and pointwise multiplication). A result of Paulsen ( |16l p. 31]) shows 
that \\4>\\ cb < \\4>\\ C , {G) for all 4> G A(G). Another result of Paulsen f fTKl 
p. 112]) can be used to show that ||.|| cb = |.| on B(G). Indeed, the result is 
that ||A|| cb < 1 if and only if there exist f,g<EE 2 with ||/||, \\g\\ < 1 and 
Aij = Uji9i) = (f,g)(i,j)- It follows that |.| < ||.|| cb on A(G), and equality 
follows from Corollary^ It also follows that ||.|| = H-l^. 

An important fact used by Eymard in his study of A(G) in the group case 
is that VN(G) is identifiable in the natural way with A(G)* (i.e. A{G) is 
the predual of the von Neumann algebra VN{G)). We need the groupoid 
version of this result. Of course in the groupoid case, VN(G) is not a von 
Neumann algebra, but despite that, we will show that there is a suitable 
version of this identification for groupoids. 
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Let 2$d (A(G) , D) be the Banach space of continuous, linear, right D- 
module maps from A(G) into D. The space s 3d(A(G), D) is a left F-module 
with dual action: ba{4>) = a(<f)b). We think of <B D (A(G),D) as the "dual" 
of A(G), and write it as A(G)' . Of course, A(G)' is very different from the 
Banach space dual space .4(G)* in general, but the two do coincide in the 
group case. 

For / G G c (G),a G & D (A(G),D), let fa : G C (G) -» D be given by: 
/a(c/) = a(jg * f). Then /a is linear, and < |H|||5*/lli < 

IMIIIsllll/*!!- So /a extends to a bounded linear map, also denoted by fa, 
from E 2 into F>. Also each map fa is a (right) module map. Indeed, using 
()3.5}) and the fact that a is a module map, we have fa(gb) = a(gb * f) = 
a((g * f)b) = a(g * f)b = (fa(g))b. Further, for fixed /, the map a — ► fa is 
bounded and linear from A(G)' into Bd(E 2 ,D). 

Let ^(G)' be the set of a G *& D (A{G),D) such that /a G £(F 2 ,F>) for 
all / G G C (G). It follows from the continuity of each of the maps a — > /a and 
the closedness of £(-E 2 , D) in *B[)(E 2 ,D) that ^4^(G)' is a closed subspace of 
<B D (A(G),D). Further, A r K {G)' is a left invariant subspace oiVB D (A(G), D). 
This follows since f{ba) = (fb)a G &{E 2 , D) whenever a G ^(G)'. If G is 
a locally compact group, then A r K (G)' = A(G)* . 

If G = G n , then <B D (A(G),D) = A r K (G)' . Indeed, let a G Q5 c »(M n ,C n ). 
Since a is a C n -module map, we have a(etj) = Xijei for some Ajj G C. Then 
with / = B G M n , we have Ba{eij) = rjijei, where 77^ = \n~Bjj~. Then 
Ba = ((l,l,...,l),»7) 

We can define ^(G)' to be A r K (G(r))'. 

The following theorem shows that VN(G) identifies naturally with A r K (G)' 
as a Banach space, and generalizes [31 Theoreme (3.10)]. 

Theorem 4. For each T G ViV(Cr), t/iere exists a unique element ax G 
A r K (G)' defined by: 

(5.7) a T ^)=TW) lG0 . (cf>eA(G)) 
Further 

(5.8) a T (5 * /*)(«) = (Tf,g)(u) = T(f * 

Lastly, the map T — > ax is a linear isometry from VN{G) onto A r K {G)' . 

Proof. Let a G ^(G)'. Let / G C c (G),u G G°. Since /* a G £(£ 2 , G (G )), 
there exists a unique Fy G F 2 such that a(g * /*) = (Ff,g). (This is the 
Riesz-Frechet theorem for Hilbert modules ( |11| p. 13]).) Define a linear op- 
erator T on F 2 by setting Tf = Ff. For any u, we can find g G G C (G) such 
that ({Tf) u ,g u ) is close to ||(T/) n || and both |[ 5 n || and \\g\\ close to 1. Since 
|| (Tf, <7)|| < ||a|| \\g * f*\\i < ||a|| ||o|| 11/11, we obtain that T is bounded with 
||T|| < ||q||. For the reverse inequality, let </> G A(G). Suppose first that 
cp = g*f* for some /,<7GG C (G). Then \\a{<j>)\\ = \\(Tf,g)\\ < \\T\\\\f\\\\g\\. It 
follows that for general <f> G -4(G), we have ||a(</>)|| < ||T||||0||. So ||a|| = ||T||. 
Next we show that T G VN(G). Indeed, for /i,/ 2 G G C (G), we have 
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(TR f2 h,g) = a{g*{h*h)*) = a(g*ft*ft) = (Tf h (R h )*g) = {Rf 2 Tf 1} g), 
so that T G VN(G). lJjT7|t follows from Proposition H9l 

Conversely, let T £ VN(G). For G A sp (G), define a(0) = 3\>*)| G o. 
Then using Corollary 21 and (ii) of Proposition 1161 a extends to a bounded 
linear map on A(G), and is a right module map since a(4>b)(u) = T(b<p*) = 
a((f))b by Proposition H7I Since fa(g) = (T(f*),g), we have that a G 
A r K (G)'. Trivially, a = a T . □ 

Example 

Let F G C C (G), T = L F and a = a T G ^(G)'. From (flTH)) . for c/ G C C (G), 
we have 

* /*)(«) = L F {f*g*){u) = fF(t)(f*g*)(t-i)d\ u (t), 
from which it follows that = (-F, 0). 



6. Duality for 

In this section, we prove a groupoid version of Eymard's duality theorem 
for groups. Eymard's duality result says that the character space (i.e. the 
space of non-zero multiplicative linear functionals) on A(G) is just G itself. I 
do not know if the character space of the commutative Banach algebra A(G) 
(G a groupoid) can be identified with G as in the group case. Instead, we 
replace scalar-valued homomorphisms by D-valued module homomorphims. 
We will obtain a duality theorem for the groupoid case which coincides with 
Eymard's duality theorem in the group case. We will deal initially with a 
more general situation than is strictly required for our main theorem since 
the former may prove useful for a more general duality theorem. 

For each u G G°, adjoin a point oo" to G u , and let H u = G u U {oo u }, 
H = U ue QoH u . Extend the range map r to H by defining r(oo") = u. 

We give H a locally compact Hausdorff topology as follows. (Each sub- 
space H u in the relative topology will turn out to be the one-point com- 
pactification of G u .) Let B be the family of sets that are either of the form 
U or of the form V, where U is any open subset of G, and V is of the form 
r^ 1 (W) \C C H where W is any open subset of G° and C is a compact 
subset of G. The proof of the following proposition is left to the reader. 

Proposition 21. The family B is a basis for a locally compact, second 
countable Hausdorff topology on H , and r : H — > G° is an open map. Next, 
the relative topology inherited by G from H is the original topology of G, 
and G is an open subset of H. Further, for any u G G° and any sequence 
{x n } in H , we have x n — > oo" if and only if for any compact subset C of G, 
the sequence {x n } is in H\C eventually, and r{x n ) — > u. Lastly, the map 
u — > oo" is continuous, and the relative topology on H u is that of the one 
point compactification of G u . 
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Let T r be the set of continuous sections of (G, r), i.e. the set of continuous 
functions 7 : G° — * G such that 7(14) G G u for all u G G . Similarly, let 
A r be the set of continuous sections of (H,r). Of course, r r C A r . Since 
(f) G A(G) C C (G), we can regard G Co (if) by defining 0(oo u ) = for all 
u G G°. For 7 G A r , define a map a 7 : A(G) -» C (G°) by: 

0>y(</>) =007. 

An element a G !8o(A(G),i)) is said to be multiplicative if a ((pip) = 
ct{4>)a(ip) for all (p,ip G ^4(G). The set of multiplicative elements of 
33£)(yl(G), D) is denoted by ^(g)- When G is a group, then ^ r ^c) 1S J us * 
the set of multiplicative linear functionals on A(G). 

Proposition 22. The map a 7 belongs to ^^(fj) fo r oil 7 G A r . 
Proof. Let G .4(G). Then (Proposition EJ) 

||a 7 ((/>)|| = sup I ^(7(11)) |< ||</)||. 

Further, is a module map since 

a 7 (#)(n) = 0(7(«))6(r(7(«))) = («7(^) & )( u )- 
Next, it is trivial that a 7 is multiplicative on A(G). So a 7 belongs to 

I do not know if every element of ^^(q) is °f tli e form a 7 for some 
7 G A r . A tentative conjecture is that the answer is yes and that A r with the 
topology of pointwise convergence corresponds to ^ v ^g) w ^h the pointwise 
topology on A(G) x G°. In the group case this is effectively Eymard's 
theorem, except that we are allowing the 0-linear functional in the character 
space of A(G). (This functional corresponds to 7(e) = oo e where e is the 
unit of the group G.) In our present situation, it is reasonable to allow 
elements of to vanish for some u's, i.e. to allow the existence of u's 

for which a((f))(u) = for all (f) G A{G). Adding on the points oo u allows 
one to incorporate this within the section viewpoint. 

Instead, our main theorem is also a generalization of Eymard's theorem 
in which A r is replaced by elements of r r that have a certain symmetry 
with respect to the s-map, and indeed correspond to bisections of G. For 
the present, we show that every a G Q r {A{G)) is associated with (at least) 
a partially defined continuous section on G°. 

So let a G & T A( G y Define A to be the set of x G G such that for every 
neighborhood V of x, there exists <fi G A c f(V) such that a(4>)(r(x)) 7^ 0. 
Define N to be the set of x G G for which there exists an open neighborhood 
U of x such that for all (f) G A c f(U), we have a(cf>) = 0. Trivially, N is an 
open subset of G. Write A = r(A) and B° = G° \ A . 

Proposition 23. (i) For every u G A , the set A n G u is a singleton 
{x 11 }. 
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(ii) For every u G A , we have G u \ {x u } C N. 

(iii) IfueB and G A c f(G), then a(<j))(u) = 0. 

(iv) // u G G°, G A cf (G) and 5(0) n G u C N, then a(0) = in a 
neighborhood of u in G°. 

(v) A is an open subset of G° . 

(vi) The map u — > x u is continuous from A into G. 

(vii) Let G A cf (G) be such that 5(0) C G \ {x u : u G A }. Then 
a{4>) = 0. 

Proof, (i) and (ii). Let x £ A and u = r(x). Let y G G u with y ^ x. Let 
W x ,W y be disjoint open neighborhoods of in G. Let G A c j(W x ) be 
such that a{cj)){r(x)) ^ 0. Let C4 = {z G : a(0)(r(z)) ^ 0}. Since a(0) 
is continuous, we have that U x is an open neighborhood of x. Let L/^ = 
r~ l {r{U x )) H Wj,. Since r is open and continuous and r(y) = r(x) G r(U x ), 
it follows that C/^ is an open neighborhood of y, and r{U y ) C r([/ x ). Let 
ip G A c f(U y ). We will show that a(V ; ) = so that y G iV. Indeed, since 
0V> = (since W x n C/ y C W x DW y = 0), we have = a(<jnp) = a(4>)a(ip). 
Since a(<f>)(u) ^ on r(U y ), it follows that a(V') = on r{U y ). It remains to 
show that a(V0 vanishes outside r(U y ). To this end, r(S(tp)) is a compact 
subset of r{U y ). Let 6 G C C (G°) be such that 6 = 1 on r(S(ip)) and outside 
r(U y ). Then 6 o r = 1 on S(ip), so that 



outside r(U y ). (i) and (ii) now follow since A n JV = 0. 

(iii) Let u G 5° and G A c/ (G). Let C u = 5(0) n G u . Since G" n 
yl = 0, we can cover C u by a finite number of relatively compact, open 
sets Ui, . . . , U n , U{ (~l G u ^ for each i, and such that a{ip){u) = for 
all 1/3 G A c f(Ui), 1 < i < n. Let C/ = U" =1 £/j. There exists an open 
neighborhood W of tt in G° and a function 6 G C C (W) with 6(u) = 1 such 
that 0' = <j)b G Acf(i7). Since a is a module map and &(«) = 1, we have 
a(cj>')(u) = a((/>)(u). Using a partition of unity argument (,7, p. 7]) we can 



write 0' = YJf=i $ where 0J. G A c/ (£/;). Then a(0')(«) = £f =1 = 



0, and (iii) is proved, (iv) is proved in the same way as (iii). 

(v), (vi) and (vii). Let u$ G A . Let U be an open neighborhood of x u ° 
in G. Since x u ° G A, there exists € A c j(f7) such that a(0)(iio) 7^ 0. By 
continuity, there exists an open subset W of r(U) such that uq G W and 
a(0)(«) 7^ for all u G TV. Let it G W. By (iii), u does not belong to B° 
and so W C A , (v) now follows. By (iv), 5(0) n G u is not contained in 
N. From (ii), x u G 5(0) C J7. (vi) now follows since the inverse image of U 
under the map u — > x" contains an open neighborhood of «o- (vii) follows 
from (ii), (iii) and (iv). □ 

Let a, {x u } be as in Proposition 12.11 Define 7 : G° — > by setting 
7(n) = i" if u G ^4° and = oo" otherwise. We note that 7 G T r if and only 



a(-0) 



a(ipb) 



a(ip)b = 



if A° = G°. 



Proposition 24. TTie map 7 G A r 



if and only if G = AU N. 
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Proof. Suppose that 7 G A r . Suppose that G / (AUN). Let x G G\(AlSN) 
and no = r(xo). By Propositionl23l (ii), (hi), uq G B° and for all 4> G A c f{G), 
a((j))(r(xo)) = 0. Let U be a neighborhood of xq. Since xo ^ A U iV, 
there exists a ip G j4 c j(C7) such that a(V>) 7^ 0. Using (hi) and (ii) of 
Proposition 123 x v G U for some v G r(/7) n A . So there exists a sequence 
{v n } in A such that v n — > uq and ^(v n ) = x Vn — ► xq. Since 7 is continuous, 
^0 = 7(1*0) an d xq G A. This is a contradiction. So G = A U N. 

Conversely, suppose that G = ^4uiV and let u n — > u in G°. If u G ^4°, then 
by (v) and (vi) of Proposition |23J u n € ^4° eventually, and j(u n ) — > 7(1*). 
Suppose then that u £ B°. Let C be a compact subset of G. Suppose 
that 7(n n ) G C eventually. (So u n G ^4° eventually.) We can suppose that 
7(1*71) - * x for some x G C. Since r(x) = it ^ ^4° and G = A U iV, it 
follows that x G N. So 7(u n ) G A" eventually (since iV is open) and we 
contradict 7(1%) G A. So 7(x n ) G" C eventually, and r(j(u n )) = u n — > u. 
From Proposition 1211 j(x n ) — > oo u = j(u). □ 

For the rest of this paper, we leave H behind and instead consider only 
maps a G ^"^(c) f° r w hich A = G . Then 7 is an r-section of G. We now 
want 7 to determine also an s-section of G. Two reasons for this are as 
follows. Firstly, we would like, as in the group case, to have a multiplicative 
structure on the set of such 7's and the product of two r-sections is not 
usually an r-section. Another indication that we need to consider s-sections 
is that r-sections give right module maps, and a reasonable "dual" for A(G) 
should not have a "bias" for right over left. To deal with these, we want to 
pair together a as above with a corresponding left module map (3. The pair 
(a, (3) can usefully be thought of in terms similar to that for multipliers, 
where a (two-sided) multiplier is a pairing of a left and right multiplier. 

Definition A multiplicative module map on A{G) is a pair of maps a, (3 G 
<B(A(G),D) such that: 

(i) a G <8 D (A(G),D) and (3 e D <B{A(G),D); 

(ii) a(A{G)){u) / for all u G G°; 

(hi) there exists a homeomorphism J of G° such that for all 4> G A(G), 
(6.1) /?(</>) o J = a(0); 

(iv) a lA(G) G A r K (G)'; 

(v) a is multiplicative on A{G). 

The set of multiplicative module maps on A{G) is denoted by &a(g)- 

In the above definition, (ii), (iv) and (v) involve only a. But in fact using 
(i) and (hi), the corresponding properties for (3 in (ii),(iv) and (v) follow. 
(In (iv), (3 G G(r).) So the roles of a, (3 in a multiplicative module map on 
A{G) are symmetrical. 

Let (a, (3) G 3>a(G)- The condition that a(A(G))(u) 7^ in (ii) is equiv- 
alent to the section 7 associated with a in Proposition EHl being a global 
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section of (G, r), i.e. A = G°. Similarly, /3 determines a section 5 of (G, s). 
We now show that the pair (7, 5) determine a bisection, i.e. a subset -B of 
G such that both r : B — > G° and s : B —>■ G° are homeomorphisms. 

Proposition 25. There exists a bisection B such that 7 = (r^)^ 1 and 
*=(«|b)- 1 - 

Proof. Let m 6 G° and a; = 7(11). By the definition of 7, for every open 
neighborhood V of x, there exists G A c f(V) such that a(0)(w) 7^ 0. 
Then from (iii), (3((p)(Ju) = a((p)(u) / 0. Suppose that Ju ^ s(x). By 
contracting V, we can suppose that S(4>) n Gj( u ) = 0. Applying (iv) of 
PropositionEHlto G(r), it follows that (3{(j)){Ju) = 0. This is a contradiction. 
So Ju = s(x). By the definition of S, we have 5(s(x)) = x. Take B to be 
the range of 7 (= the range of 5). □ 

In the above, we have Ju = s(j(u)) = (d^ 1 o j)(u), and /3 is uniquely 
determined by a, i.e. if there is a /3 such that (a,/3) € ^A(G)> then j3 is 
unique. Let T be the set of bisections of G. Each B G T is identifiable with 
a pair (7, 5) of sections of (G, r) and (G, s) respectively, and conversely. 
Further, T is a group under setwise products and inversion. See e.g. [T8| 
Proposition 2.2.4] for the r-discrete case. To check that BC € T if B,C G 
T suppose that B, C are associated with the pairs of sections (7, 5) and 
(7', 5') respectively. Then the pair of sections associated with BC are u — > 
7(ti)7'(s(7(/u))) and it — > <5(r(<5'(u)))<5'(u) respectively. 

The main theorem of this paper shows that under certain conditions, 
&A(G) = r. Let us make this more precise. Each a G T determines sections 
7 : n — > a M , <5 : u — > a u as above. These in turn determine bounded linear 
maps a a ,P a from A(G) into Co(G°) by setting: 

(6.2) a a {cp){u) = <p(a u ), P a (<j>)(u) = cf>(a u ). 

Proposition 26. The pair (a a ,f3 a ) belongs to $a(G)- 

Proof. Firstly, a a is a bounded linear operator from A(G) into D using 
Proposition |1J It is also a module map since for b G D, we have a((pb)(u) = 
((j>b)(a u ) = a{cf)){u)b(u) = (a(0)6)(u). So a a G «8d(A(G),D). Next, if 
f,g G C C (G), we have f a a (g)(u) = (g * f)(a u ) = J g{t)f{t- l a u ) d\ u (t) = 

0h,k(9)( u ) where k (t) = /(t _1 a r (*)) G C C (G) and /i G C C (G°) is such that 
h(u) = 1 on (7- 1 o5){s{S{f))). So a a G A r K (G)' . Similarly, (3 a G ^(G)'. 
Trivially, both a a , (5 a are multiplicative. The map J in (jdlj) is of course just 
(T 1 07. □ 

We noted above that T is naturally a group. We now turn to the natural, 
two-sided, jointly continuous action of the group V on A(G). This is defined 
as follows: for ifG, define xa,ax G G by setting xa = xa s ^ x \ax = a r t x )X. 
The continuity of this action follows from the continuity of the maps u — > 
a u ,u — > a u and that of the multiplication of G. For / G G C (G), define af, 
fa G G C (G) by setting: af(x) = f{xa), fa(x) = f{ax). 
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Proposition 27. Let a G T,f,g G C C {G) and <f> G S(G), T G VN(G). 
Thena(f*g) = f*ag, (f*g)a = fa*g. Further, cuj), 4>a G B(G), and these 
two functions have B(G)-norms equal to that of (f). Lastly, if ' 4> G A(G), then 
a(f>,4>a G A{G), the norms of 4>,a(f>,4>a are all equal in A{G) and T(a<f>) = 
aTcj). 

Proof. We have 



Similarly, a(f * g) = f * ag. Next, write ^ as a coefficient (£,tj). Then 
4>a = (£,?/) where rf (u) = {L{a u ))~ l n{ J u). Then = and <pa G 
B{G), \\<t>a\\ = \\4>\\. Similarly, acp G B(G) and \\a<f>\\ = \\<j>\\. Next, let 
4> G A(G). It is left to the reader to check that a<p,(pa G A(G), and that 
Ml = !Mli = ll^lli- Lastly, by Proposition T(a(f * g)) = R ag T(f) = 
T(f)*ag = a(T(f)*g)=aT(f*g). □ 

For our main theorem, we need to restrict the class of groupoids under 
consideration to those for which r is locally trivial. 

Definition 

A locally compact groupoid G is said to be locally a product if the following 
holds: for each xo G G, there exists an open neighborhood U of x$ in G, a 
locally compact Hausdorff space Y, a positive regular Borel measure ^ on 
Y and a homeomorphism from U onto r(U) x Y such that: 

(i) pi(<&(x)) = r(x) for all x G U, where pi is the projection from 
r(U) x Y onto the first coordinate; 

(ii) for each u G r(U) and with <3? u the restriction of to U u , we have 



Such an open set U is called a product open subset of G. Examples of 
groupoids G that are locally a product include Lie groupoids (more generally, 
continuous family groupoids ([El)) and r-discrete groupoids. 

We now come to our main theorem. We require two conditions on our 
groupoid G. The first (i) of these is that G is locally a product, i.e. is 
"locally trivial", has "lots of" local sections. The second (ii) says that every 
point of G lies on a global bisection, (i) and (ii) are reasonable section 
conditions to require given that our duality theorem is formulated in terms 
of the group T of global bisections. There are many examples of groupoids 
satisfying (i) and (ii). For example, every ample groupoid (^3 p. 48] does, 
and also the tangent groupoid for a manifold. 




(fa*g){x). 



($")*// = A 
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Under these conditions, the theorem says that the map a — > (a a ,(3 a ) is a 
homeomorphism from T onto $A(G)- ( m particular, &a(G) 1S a group.) It is 
easy to see that the map a — > (a a ,/5 a ) is one-to-one. What requires more 
work (as it also does in the original group case considered by Eymard) is to 
show that the map is onto. 

We now specify the topologies that we will use on T and &a(G)- We will 
call each of these the pointwise topology. Precisely, each a G T is regarded as 
a function a : G° — ► G 2 , where a(u) = (a u , a u ). We then give V the topology 
of pointwise convergence on G°. So a n — > a in V if and only if a n (u) — > a(u) 
in G 2 for all u € G°. Turning to 3>a(G)j regard each (a,/3) G ^a(g) as a 
function (a,/?) : A(G)xG° -» C 2 by: (a,/3)(0,u) = (a(0)(u),/3(0)(u)). The 
pointwise topology on ^(G) is then the topology of pointwise convergence 
on .4(G) x G°. 

Theorem 5. Assume 

(i) G is locally a product. 

(ii) if x G G, then there exists a G T such that x G a. 

Then the map C, taking a — ► (a a ,/3 a ) is a homeomorphism for the pointwise 
topologies from V to &a{G) ■ 

Proof. The proof is an adaptation to the groupoid case of Eymard's proof 
that G is the character space of A(G) in the locally compact group case. Let 
(a, f3) G <&a(G) an d a G T be the element determined by (a,/3). We want to 
show that (a,/3) = (a a ,(3 a ). (This will give that £ is onto.) We show then 
that a = a a , the result that (5 = a a following using G(r). By Proposition EH 
and Proposition I14| a determines a bounded linear map, also denoted by 
a, from A(G) into D. Define aa^ 1 : A{G) — > D by: aa _1 (0) = a(a _1 0). 
By Proposition 1271 the map aa -1 is a bounded right module map. Further 
since f(aa~ l ) = (a~ 1 f)a, it follows that aa" 1 G A r K (G)'. Next, if C7 is 
a neighborhood of u G G° in G, then there exists <fi G A c j(C/a) such that 
a{4>){a u ) / 0. But then cuf) G A C /(Z7) and aa~ 1 {a(j)){u) = a{4>)(u) ^ 0. So 
G° is the element of V determined by aa' 1 . Clearly, ao _1 = a G ° if and only 
if a = a a . For the purposes of the theorem, we can therefore suppose that 
a = G°. 

Let T be the operator in VN{G) determined by o.\mq\. So oit = a 

(Theorem HJ) . Then using (|5.8|) . a = a G ° if and only if for all f,g G C C (G), 
we have (Tf,g)(u) = g*f*{u) = (f,g)(u), i.e. if and only if T is the identity 
map /. So we have to show that T = I. 

We first show that S(T<j>) C S(<£) for G A sp (G). For let x £ 5(^) and 
u = r(x). By (ii), there exists c G T such x = c u . Then by Proposition 1271 
and IpD^ . T(0)(x) = (cT(<f>))(u) = a((c(p)*)(u). Now (c^)*(«) = ^(x) and 
since (ft = on a neighborhood of x, it follows by continuity that (c<ft)* = 
on a neighborhood of u in G. By Proposition I23( (ii), (iv), it follows that 
a((c(ft)*)(u) = 0. So T((ft)(x) = 0, and Tcft vanishes on the complement of 
S{cft). So S(T<ft) c S{cft). 
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Now let be an open relatively compact subset of G. Suppose that 
(f) G A sp {G) is such that for each u G G°, the restriction 4'\Q U is constant, 
say j u - We will say that <p is fiber constant on £1. Note that the map j, 
where j(u) = j u , is a continuous bounded function on r(O). 

We will now show that T<p is also fiber constant on Q. Let u G r(Q), and 
g,p G fi u . We have to show that Tcp(q) = T(p(p). To this end, let c,d £ T 
be such that c" = q,d u = p, and V be an open neighborhood of u in G such 
that U Vd C O. Let £7 = Vc and x G U. Then x,xc~ x d G fi r(x) . Let 
ij) = ((f> — c~ l d<p) G ^4 S p(G). Then ip is zero on U. Since S(Tip) C 5(^/0, 
it follows that is zero on U. In particular, since q G J7, = Tip(q) = 
(T<j> - T(c~ 1 #))(g) = T<£(g) - T0(p) as claimed. 

Now let / G C C (G) and suppose that the support S(f) of / lies in a 
relatively compact, product open subset U. In the preceding notation, we 
will identify U with a product r(U) x 1", with associated r-fiber preserving 
homeomorphism $ : U — » r(C7) x 1" and measure ^, on V. Let L be a 
compact subset of Y for which /i(L \ L°) = 0. Let y n be a sequence of open 
subsets of Y with V n C V n C V n+ \, L)V n = L° and such that \i(L \ V n ) = 
\x{L° \ V n ) < 1/n. Let Z be an open subset of r(U) such that Z is compact 
and contained in r(U). Let 6 G Cq(Z). By Proposition UHl (ii), there exists 
0„ G A c f(r(U) x L°) such that < 4> n < 1 and <^ n (z, y) = 1 for all (z, y) in 
a neighborhood F of Z x V n . Let x) = b(z)xL{x) for (z, x) G r(C7) x y. 
For z G Z, we have ||</>„6 - Ff < H&HoJl/n) 1 / 2 . So \\4> n b - F\\ -» 0, in £ 2 , 
and by continuity, 

(6.3) T{<p n b) TF in F 2 . 

Next, (/> n 6 is fiber constant on V, and so T(cp n b) also has constant fiber on V. 
So for some continuous function k n on r(V), we have T((p n b)(z, x) = k n (z) 
on Zx V n . Further k n is independent of n since ((t> n +ib)\zxV n = (<An6)| Zx y n . 
Next, since S(T((f> n b)) C S((j) n b), we have fc n vanishing on r(V) \ Z, so 
that A; n G Cq{Z). Also S(k n ) C 5(6). Write fcj, in place of k n . Note that 
TF = xzxLh using lfO|). _ 

Let F' G C c (r(£f) x y) be such that < F' < 1 and F' = 1 on Z x L. 
Then for z G Z and any n, we have 

\k b {z) \ ^L) 1 ' 2 = \im\\T{4> n b)\\ z 

n 

<\\T\\ limll^r 

<imni&iiooKii- 

It follows that the map R : Cq(Z) — > Cq(Z), where i?6 = is a linear, 
bounded map. Further, S(Rb) C 5(6) for all 6. So R satisfies the conditions 
of Proposition ^ and there exists a bounded continuous function k on Z 
such that T(/) = fk for / of the form XZxhb- 

Then contract down onto a general compact subset K of Y by open rel- 
atively compact sets L with null boundary. We get the same k for each L, 
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and obtain that each function xzxxb G E 2 and T(xzxKb) = (kor)(xzxKb)- 
Next for g G C C (Y), approximate in L 2 (/x) the function g by linear combi- 
nations of xk's to get T(b®g) = (k or) (b ®g). Using the Stone- Weierstrass 
theorem, we then get T(f) = fk for all / G C C {Z x Y). 

Let U' be the product open set in G corresponding to Z x Y . The func- 
tions k for different choices of such U' are all compatible. So there exists 
a continuous function h such that whenever U' is a such a product open 
subset of G and / G C C (U'), then T/ = //i. The latter equality is true for 
all / G C C (G) by a partition of unity argument. So for all / G C C (G), 

(6.4) 27 = //i. 

It follows from that H/i^ < ||T|| so that h G C(G). 
Now for /, g G C C (G), we have 

*/*)(«) = = M^)(/,<?)W = %fr */*(«)■ 

So a(0)(n) = h(u)4>{u) for all G A c j(G), and since a is multiplicative, 

2 

we get h{u) 4>{u)4>i{u) = h(u)(j)(u)(f)\(u) for all </>, 0i G A c f(G). It follows 

that /i(u) is either 1 or 0. In fact h(u) = 1 since a(A c (G))(u) 7^ {0} for all 

u G G°. So T = I and a = a G a as we had to prove. 

Using (j6.2() and the fact that A(G) separates the points of G (Proposi- 

tior Hfll (ii)) it follows that £ is a homeomorphism. □ 

Some open problems 

All of the following questions are answered positively for G n and for all 
locally compact groups. 

(i) Is it true that A cf (G) = A sp (G) = A(G) = A(G)1 

(ii) Is the character space of A(G) equal to G? 
(hi) Is <F A(G) = A r ? 

(iv) When is ||.|| cfe = ||.|| on B(G)1 

(v) If G is amenable, does A{G) have a bounded approximate identity, 
and is B(G) the multiplier algebra of A{G). 
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